Retinopathy of prematurity (ROP) is an eye disease that affects prematurely-born babies. It may even lead to blindness in serious cases. Among others, ROP can be recognized by evaluating the tortuosity of retinal vessels. An automatic detection and evaluation of tortuous vessels can support ophthalmologists when judging retinal images. There already exist various methods for computing vessel tortuosity. However, they do not always cover the medical properties and requirements. Thus, we propose an efficient measure, which is based to the total curvature and the number of curvature sign changes (twists) of the vessel. In order to achieve a stable detection of twists we represent the extracted vessels by curves composed of circular arcs and line segments: The vessels center pixels are approximated by smoothly joined segments of constant curvature. For any maximum tolerance we obtain the minimum number of segments. This way vessels are represented by preferably long curve segments of constant curvature. Together with the proposed measure this representation enables an effective and stable method for evaluating vessel tortuosity. Its performance is examined by means of both synthetic data and vessels of real retinal images.
Introduction
Retinal vessel tortuosity can be an indicator for some diseases: for instance, retinal diabetes or retinopathy of prematurity (ROP). The latter affects the blood vessels on the retina in the eyes of premature infants, and is one of the leading causes of childhood blindness. ROP is classified according to different stages. Infants at higher stages often show plus disease, a complication of ROP, where abnormal blood flow in the retina causes the vessels on the retina to enlarge and become tortuous. Therefore, ophthalmologists diagnose ROP and plus disease by evaluating -besides additional analysis -whether the vessels on the retina are tortuous or not (cf. [2, 3] ).
Almost everybody would consider the vessels depicted in Fig. 2 to be more tortuous than those of Fig. 1 . Based on concrete conception it seems to be easy to compare two vessels with respect to their tortuosity but it is often difficult to give an abstract and objective reason for this assessment. However, an automatic evaluation of vessel tortuosity cannot be based on intuition. There is the need to formulate the properties one would expect from a suitable tortuosity measure and to formalize them. In particular, these properties must match the clinical perception. The discussion in Section 2 complements the explanation of Hart et al. (cf. [4] ) and Grisan et al. (cf. [1] ).
Based on these properties a mathematical method must be found which outputs continuous values for any vessel considered in a retinal image. For this purpose, we introduce existing approaches for tortuosity measures and evaluate their performance regarding the postulated properties in Section 3. In conclusion, we propose a new formula for computing vessel tortuosity, which is based on the total curvature and on the number of curvature sign changes.
The abstract definitions of the tortuosity measures imply a curve representation of vessels in a mathematical sense. As a start however, vessels are given by a pixel list representing their center points extracted of a retinal image. Thus, the question arises how to approximate these data by a curve and which class of curves to use. We propose to apply the SMAP approach (cf. [8] ): The polygon resulting from connecting adjacent pixel centers is approximated by a curve consisting of smoothly joined line segments and circular arcs (abbr.: segments). The SMAP algorithm guarantees the the minimum number of segments for any maximum tolerance. Therefore, vessels are represented by preferably long curve segments of constant curvature. This approach results in a stable method for estimating the cur- vature characteristic of the vessel. In particular, the number of curvature sign changes can be determined in an efficient and stable way, which is crucial for the proposed tortuosity measure.
In our tests we have considered both synthetic data and vessels extracted from real retinal images. We demonstrate the performance of the proposed method in Section 5.
Tortuosity Properties
Tortuosity is an intuitive term which is based on the experience of ophthalmologists. In particular, there does not exist a formal definition. However, in practice some properties turned out to be crucial for a clinically meaningful tortuosity measure.
For instance, there is a mutual agreement that vessel tortuosity should be independent on rigid motions, i.e. rotations and translations. The global orientation and location seem not to influence the ophthalmologists' judgment. Scaling however is not clearly and uniquely considered to be an invariance criterion. Nevertheless, some experts consider it to be roughly independent. That might be comprehensible when comparing vessels extracted from the same image or from different images with the same size. On the other hand, the resolution of the image should obviously not have an influence on the decision if a vessel is tortuous or not. Several measures and their response to scalings were investigated in literature and their effects on classification performance have been evaluated. From our point of view tortuosity should be inversely related to scaling but not dependent on resolution.
Suppose a sine-like curve representing a tortuous curve. Then a periodic continuation of this curve with more cycles is considered to have the same tortuosity. Two sine-curves with equal amplitude and frequency but different number of periods are equally tortuous although their lengths are different. According to the argumentation of Grisan et al. (cf. [1] ) modulation is an additional decisive property. This is based on the following two postulates: The greater the number of changes of sign in the curvature is, also called twist, the more tortuous the vessel is. And secondly, increasing amplitudes result in increasing tortuosity.
As we want to evaluate not only persistent vessels but also trees and networks of vessels regarding their tortuosity, the compositionality of tortuosity measures has to be taken into account: Suppose an entire vessel consisting of both tortuous and non-tortuous subvessels. Is the entire vessel tortuous and what is its tortuosity measure? In any case, the tortuosity of a vessel should not depend on the segmentation order: Evaluating two vessel parts should yield the same value of the merged vessel as evaluating the entire vessel. However, this postulation can only be satisfied up to a certain point: For instance, a vessel having the shape of alternating circular arcs is obviously tortuous but the particular arcs are perceived by themselves as non-tortuous.
Measurements
It is difficult to give a quantitative measure of retinal vessel tortuosity: Ophthalmologists rather judge vessels in terms of (heavily) tortuous or non-tortuous. Nevertheless, two vessels can be compared and can be ordered regarding their tortuosity. Thus, researches tried to formalize the properties addressed in Section 2 and developed several approaches to measure tortuosity as a continuous value.
In order to enable an easier mathematical formulation of tortuosity, retinal vessels are usually represented by planar curves. The latter can be defined by parametrizations, which we want to treat here as piecewise C ∞ -mappings c : I → R 2 , where I is an interval. The arc length parametrization of a curve is of the form c : [0, l c ] → R 2 , where l c is the length of the curve. Often, polynomial curves c : I → R 2 are used to represent blood vessels. Although there exists an arc length parametrization if their derivative does not vanish, it is mostly practically not possible to determine it. However, the values we are interested in can be computed in a closed form. For instance, we obtain the curvature by calculating
, and the length of the curve does not depend on the parametrization chosen. Thus, we focus here on arc length parametrizations. Furthermore, let the chord length χ c denote the euclidean distance of the start and end point of the curve:
Almost everybody would agree that a straight line is the opposite of what is supposed to be tortuous. The socalled arc length over chord length ratio, i.e. the ratio between the length l c and the chord length χ c of a curve c, indicates how much a curve differs from a line segment. As l c ≥ χ c and l c = χ c if and only if c is a straight line segment, Lotmar et al. (cf. [7] ) proposed
as a measure for retinal vessel tortuosity. This is both the most simple and most widely used measure of vessel tortuosity (cf. [6] ). However, this measure is not suitable for a robust usage in practical applications, which can be deduced by the simple example visualized in Fig 
the total squared curvature, respectively. These integral measures should indicate the variability of vessel direction.
In [1] an example is presented, which shows that a smaller tc-value may correspond to a greater tortuosity. Similar to line segments, a vessel having the shape of a circular arc is not considered to be tortuous, either (cf. Fig. 3 
top).
However, tc and tsc are not consistent with this observation. Changes of the curvature sign are not respected, which is indeed one of the main features used by experts to evaluate tortuosity. Therefore, Grisan et al. (cf. [1] ) suggest to incorporate both the frequency, or rather the number of sign changes in the curvature characteristic, and the amplitude. They decompose curves representing the considered vessel into n alt segments c 1 , . . . , c n alt with constant curvature sign. Straight line segments have vanishing curvature. In order to make this decomposition unique, line segments are split at their mid points. Having computed the decomposition, they propose the index
where l i and χ i are the length and chord length of the persistent segments c i , respectively. This measure yields values of dimension of the inverse of the entire curve length.
Regarding the properties introduced in Section 2 the measure τ seems to be superior to the other measures discussed above. However, Fig. 3 (second and third row) rigid scal-composi-amplimotions ings tionality tudes twists Table 1 . Different tortuosity indexes and their conformance of the properties introduced in Section 2.
shows two curves yielding the same τ value but we consider them to have different tortuosity. The first curve c 1 consists of two circular arcs with radius R and opening angle α (in radians), the second one c 2 is composed of two biarcs with radii r 1 = 6 and r 2 = 1 with opening angles π/4 and 3/4π. The values for R and α are chosen s.t. both curves have equal length L = 9/2π and chord length χ = 5: R ≈ 2.541, α ≈ 1.391. Since both c 1 and c 2 have two twists, we have τ (c 1 ) = τ (c 2 ). In order to overcome this effect, we suggest to incorporate the total curvature and propose to adapt τ as follows: Table 1 gives a survey of the conformance of the introduced measures to the requirements and properties postulated in Section 2. Invariance regarding rigid motions, response to scaling (scaling with a factor γ > 0), compositionality, considering amplitude changes and the number twists (frequency) are taken into account.
Curve Approximation
As a start, vessels are given by a pixel list representing the center points of the vessel observed in a retinal image with a certain resolution. Thus, we have to deal with discrete data. However, all the abstract definitions of the tortuosity measures introduced in Section 3 are appropriately based on continuous representations, i.e. on curves. Some researchers try to overcome this problem by giving discretized formulas for the calculation of curvature and the length of vessels (e.g. [4, 11] ). However, this approach is often sensitive to noise. In particular, this affects the com- putation of τ and σ. For this purpose, a stable method for counting the number of curvature sign changes is crucial. Grisan et al. (cf. [1] ) propose to interpolate the pixel lists by a smoothing spline with an adjustable regularization parameter. However, interpolation tends to be sensitive to noise. This effect might be eased by choosing a suitable smoothing parameter γ. Nevertheless, they observed small oscillations in the resulting splines when dealing with real data. This results in numerous curvature sign changes with comparatively small absolute values. Since these oscillations influence the curve decomposition and especially the number n alt considerably, they propose to use a threshold C on curvature: Vessels are not split where their curvature is inside the interval [−C, C]. Obviously, the choice of C and γ greatly affects the resulting tortuosity value.
In order to overcome this problem we propose not only to decompose vessels into parts with constant sign of curvature but even more: A representation of retinal vessels as curves with preferably long parts with constant curvature is desirable. The prototypes of curve segments with constant curvature are circular arcs and straight line segments, shortly segments: The curvature of a line segment is simply zero and the curvature of an arc is r −1 or −r −1 if r is the radius of the corresponding circle. A curve which is composed of these geometric primitives is called arc spline. Mostly tangent-continuity at the breakpoints is required. Among other advantages arc splines benefit from their easy computation of their arc length and curvature. Even more, the total curvature of a circular arc c with radius r and opening angle α (in radians) is
In order to find a suitable curve model we consider two optimization criteria: the approximation error and the resulting number of segments. This leads to a multiobjective optimization problem: Obviously, the approximation error diminishes if the number of curve segments increases. The more accurately the vessel is approximated the more segments are needed.
We approximate vessels by arc splines up to a maximum tolerance error ε. Our approach is based on Smooth Minimum Arc Paths (SMAP) introduced in [8] : This way, we can guarantee the minimum number of segments for any ε. The proposed method controls the approximation error by a geometric model: Only solutions staying inside a socalled tolerance channel are taken into account. The width of this channel represents the user-specified maximum tolerance. The canonical shape of a tolerance channel modeling a maximum error ε is given by the set of points P which have an Euclidean distance to the open polygon running through of at most ε. The resulting boundary curve, which is in fact an arc spline, is approximated by a simple closed polygon. This way we obtain geometric constraints, which can be adjusted in a comfortable and intuitive manner. In addition, two disjoint edges of the tolerance polygon, s and d, are fixed and act as start and destination of the channel (see Fig. 4 ). Any smooth, i.e. G 1 -continuous, arc spline staying inside the tolerance channel and connecting s and d with a minimum number of segments solves the problem.
Such a curve is called Smooth Minimum Arc Path (SMAP).
Note that the breakpoints are not required to be part of P but they are determined automatically. This has considerably positive effects on the resulting number of segments. In contrast, all other currently-known methods using arc splines have no theoretical bounds concerning the number of segments. In [8] an efficient algorithm for generating a SMAP is presented. The proposed method is a two step greedy algorithm traversing the tolerance channel K from s to d in a forward step and back again from d to s in a backward step.
Following the proposed approach we provide a preferably small number of curve segments with constant curvature. This way, we obtain a stable detection of curvature sign changes (cf. Section 5). Fig. 4 shows an example of an extracted vessel from a retinal image, the corresponding tolerance channel with ε = 0.7 px and the resulting SMAP. 
Test Results
We have examined the performance of the proposed method considering both synthetic and real data. In the first test scenario we simulated vessels with different tortuosity characteristics and analyzed the results of the introduced measure σ. We set the entire chord distance to χ = 10 and considered two circular arcs with radii ranging between 0 and 2.5. This results in a continuous transformation of line segment to two half circles. The left column of Fig. 5 shows some examples. In the right column the variation of frequency for fixed amplitude is visualized. We increased the number of twists and thus the frequency while keeping chord distance and the amplitude (a = In the second test scenario, we considered retinal vessels extracted from real images. Overall we analyzed more than 20 retinal images. We used the method proposed in [10] for the segmentation of the image, which results in a binary image. Next, the corresponding centerlines were extracted in order to thin the blood vessels to a single-pixel skeleton. Applying the algorithm of [9] we obtained a tree structure consisting of the particular vessels represented by the center lines. Each vessel found in the images was then approximated by a smooth arc spline for the tolerance values 0.1 ≤ ε ≤ 1.5 (in pixel) with a step width of 10 −3 . For each input contour and tolerance ε we constructed a tolerance channel and then applied the SMAP algorithm. Methods for constructing a tolerance channel can be found in [8] or [5] . In any case, we could observe the unsurprising fact that the displayed graph corresponds to a monotonically decreasing step function. Since the vessels were extracted from pixel images without any scaling, tolerances below 0.5 pixels seem not to be reasonable. The resulting number of segments increases by leaps and bounds for tolerances between 0.1 and 0.5 pixels. This is comprehensible since in this case the tolerance is considerably smaller than the average distance between adjacent contour points. The pixel interval [0.7, 1.3] turned out to be an efficient choice.
Exemplarily, we demonstrate the robustness of our approach by means of simply one vessel: Fig. 7 shows the considered example and its corresponding curvature characteristic resulting from a SMAP approximation with ε = 1.0 px. The curvature is a step function representing for each arc length parameter the current curvature value given by the radius and orientation of the arc or is zero in case of a line segment, respectively. In the first part of the diagram we can see steps with comparatively high absolute values and quite a lot of short twists. This characterizes the heavily tortuous first part of the entire vessel. The second part is rather straight-lined, which can observed in the curvature characteristic as well since the back part is shaped by long steps with low jumps.
In the interval [0.7, 1.3] the number of segments and the resulting tortuosity values stayed comparatively stable (cf. Fig. 8 ). In particular, the number of twists stayed almost constant when varying the tolerance. This fact argues for the robustness of the proposed approach.
In order to discover the aptitude for compositionality, we split the entire vessel into two subvessels at the point indicated by a small dot in Fig. 7 . Next, we approximated the two parts separately for the same tolerance interval and computed the introduced tortuosity indexes. We could observe that for almost each ε the sum of the segment numbers of the two subvessels was equal to the segment number for the entire vessel. The behavior of the number of twists was similar. Denoting the lengths and measures of the two subvessels for an arbitrary ε by ρ i , τ i , σ i , . . . (i = 1, 2) , we calculated the combined measures as follows:
ρ(c i ),
Note that the combined measures are computed by values belonging to the two subvessels only. They do not need any information deduced from the entire vessel. The corresponding graphs are displayed as dashed lines in Fig. 8 . Especially for the indexes τ and σ, the combined measures deviate only slightly from the index values computed for the entire vessel (solid lines). Therefore, the proposed approach seems not to be very sensitive to segmentation order.
The evaluation of the tortuosity of a whole vessel network is based on the tortuosity of the particular vessels. Hence the formulas introduced above are reasonable for this problem as well. The proposed index combined with the SMAP approach and the combination formula can lead to an efficient tortuosity measure of vessel networks.
Conclusion
We have presented an automatic evaluation method of retinal vessel tortuosity. Therefore, we defined a new vessel tortuosity measure which combines the advantages of the total curvature and the tortuosity index used by Grisan et al. (cf. [1] ). Tests with synthetic and real data have shown the robustness and performance of the proposed tortuosity measure and approximation method.
Since vessels are given by a pixel list representing the center points we used the SMAP approach to obtain a G 1 -continuous curve along the vessel course, which is needed for most tortuosity measures given in the literature. A SMAP can be computed in an efficient and constructive way and provides a vessel representation with preferably long segments of constant curvature while not exceeding a freely selectable tolerance. This results in a robust curvature estimation and thus in a stable detection of curvature sign changes. The latter is decisive for computing the indexes τ and σ. Furthermore, intrinsic curve properties like arc length and curvature can be computed very easily. Since the algorithm needs no user interaction this method is suitable for an automatic analysis of retinal vessel tortuosity.
Future Work
We have tested our method on some real images. In the future, we would like to apply this approach to more real images and even hope to obtain a quantification of the whole vessel network: ROP and plus disease are characterized by examining the entire retina and not by simply an individual retinal vessel. Together with the width analysis an automated proposal for diagnosis should be possible. Figure 8 . Solid: Results for SMAP approximations of the vessel displayed in Fig. 7 for the tolerance interval [0.7, 1.3] px. In particular: segment number, number of twists, tortuosity indexes. Dotted: combined measures resulting from two subvessels.
